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Abstract
We propose two independent methods to determine the CKM phase γ and
the tree and penguin amplitudes using neutral B decays, assuming that the
phase β is known. Based on flavor SU(3) symmetry and SU(3) breaking effect,
one method uses the decay processes B0(t) → pi0KS , B0 → ηK0 (KS →
pipi) and their charge-conjugate processes, and the other uses the processes
B0(t) → pi0KS, B0 → pi0pi0 and their charge-conjugate processes. From
SU(3) breaking consideration, the latter method would be more useful.
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The Standard Model of three generations with the source for CP violation arising from
the phases in the Cabibbo-Kobayashi-Maskawa (CKM) matrix is so far consistent with the
experiment [1]. An important way of verifying the CKMmodel is to measure the three angles
α ≡ Arg[−(VtdV ∗tb)/(V ∗ubVud)], β ≡ Arg[−(VcdV ∗cb)/(V ∗tbVtd)], and γ ≡ Arg[−(VudV ∗ub)/(V ∗cbVcd)]
of the unitarity triangle of the CKM matrix independently in experiments and to check
whether the sum of these three angles is equal to 180o, as it should be in the model. B meson
decays provide a fertile ground to carry out such a test [2,3]. One class of methods to measure
the CKM phases involve the measurements of CP asymmetries in time evolution of B0 decays
into CP eigenstates [3]. Since most decay processes get contributions from both tree and loop
(penguin) effects, in order to measure the CKM phases without hadronic uncertainties, in
many cases one needs additional information such as using relations based on isospin or flavor
SU(3) symmetries [4–14]. The phase β can be determined unambiguously by measuring CP
asymmetry in time evolution of B → ΨKS [3]. The extraction of α involves the study of
CP asymmetry in B → pipi or B → ρpi [4,5]. If the penguin contributions are neglected, this
extraction is straightforward. However, if penguin diagrams make a significant contribution,
then the interpretations of the results become complicated. The methods proposed in Refs.
[4,5] are valid even if the strong penguin contributions are included, and the inclusion of
the electroweak penguin contributions makes only a small error in those α determinations
[10,13]. A few other methods using B → pipi decays to determine α have been suggested as
well [14].
For the phase γ determination, several methods using |∆S| = 1 nonleptonic B decays
have been proposed [6–8]. Some assumed that the electroweak penguin contributions could
be neglected. It was shown that this assumption is badly violated for a top quark mass of
order 170 GeV [10]. In |∆S| = 1 B decays the penguin contributions are enhanced by a
factor of |VtbV ∗ts|/|VubV ∗us| ≈ 50 compared to the tree contributions so that the strong penguins
dominate and the electroweak penguin contributions are comparable to the tree ones, while
in ∆S =0 decays the penguin effects are much smaller than the leading tree contributions
and so the effects from the electroweak penguins can be safely neglected. To overcome the
2
difficulties associated with the electroweak contamination, some newly proposed methods
have used the certain relations between decay amplitudes for nonleptonic B decays including
|∆S| = 1 decays, based on flavor SU(3) symmetry [11]. In a recent paper [15] Gronau and
Rosner suggested an interesting method to determine simultaneously both α and γ, using the
decays B0(t)→ pi+pi−, B0 → pi−K+, B+ → pi+K0 (KS → pi+pi−) and their charge-conjugate
decays, and employing flavor SU(3) symmetry.
In this letter we present two independent methods to determine the phase γ using the
time-dependent rate measurement of B0(B¯0) → pi0KS and the time-integrated rate mea-
surement of B0 → ηK0(B¯0 → ηK¯0) (where K0(K¯0) → KS → pipi) or B0(B¯0) → pi0pi0,
assuming that the phase β is known. The phase β is expected to be measured very cleanly
through the process B → ΨKS. Our methods are based on flavor SU(3) symmetry and
considering SU(3) breaking effects. These methods are free from the electroweak penguin
contamination problem and can determine the tree and penguin amplitudes of the involved
decays as well.
The effective Hamiltonian up to one loop level in electroweak interaction for hadronic B
decays can be written as
H∆B=1 =
4GF√
2
[
VubV
∗
uq(c1O
u
1 + c2O
u
2 ) + VcbV
∗
cq(c1O
c
1 + c2O
c
2)− VtbV ∗tq
12∑
i=3
ciOi
]
+H.C., (1)
where Oi’s are defined as
Of1 = q¯αγµLfβ f¯βγ
µLbα, O
f
2 = q¯γµLff¯γ
µLb,
O3(5) = q¯γµLbΣq¯
′γµL(R)q′, O4(6) = q¯αγµLbβΣq¯
′
βγ
µL(R)q′α,
O7(9) =
3
2
q¯γµLbΣeq′ q¯
′γµR(L)q′, O8(10) =
3
2
q¯αγµLbβΣeq′ q¯
′
βγ
µR(L)q′α,
O11 =
gs
32pi2
mbq¯σµνRTabG
µν
a , O12 =
e
32pi2
mbq¯σµνRbF
µν , (2)
where L(R) = (1 ∓ γ5)/2, f can be u or c quark, q can be d or s quark, and q′ is summed
over u, d, s, and c quarks. α and β are the color indices. T a is the SU(3) generator with
the normalization Tr(T aT b) = δab/2. Gµνa and Fµν are the gluon and photon field strength,
respectively. ci are the Wilson Coefficients (WC). O1, O2 are the tree level and QCD
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corrected operators. O3−6 are the gluon induced strong penguin operators. O7−10 are the
electroweak penguin operators due to γ and Z exchange, and “box” diagrams at loop level.
The operators O11,12 are the dipole penguin operators. The WC’s ci at a particular scale µ
are obtained by first calculating the WC’s at mW scale and then using the renormalization
group equation to evolve them to µ. In the above we have neglected small contributions
from u and c quark loops proportional to VubV
∗
uq.
We can always parameterize the decay amplitude of B that arises from quark subprocess
b→ uu¯q as
A¯ =< final state|Hqeff |B >= VubV ∗uqT (q) + VtbV ∗tqP (q) , (3)
where T (q) contains tree contributions, while P (q) contains purely penguin contributions.
SU(3) relations for B decays have been studied by several authors [11,16,17]. The oper-
ators O1,2, O3−6,11,12, and O7−10 transform under SU(3) symmetry as 3¯a+ 3¯b+6+15, 3¯, and
3¯a + 3¯b + 6+ 15, respectively. In general, we can write the SU(3) invariant amplitude for B
decay to two octet pseudoscalar mesons. For the T amplitude, for example, we have
T = AT(3¯)BiH(3¯)
i(Mkl M
l
k) + C
T
(3¯)BiM
i
kM
k
j H(3¯)
j
+ AT(6)BiH(6)
ij
kM
l
jM
k
l + C
T
(6)BiM
i
jH(6)
jk
l M
l
k
+ AT(15)BiH(15)
ij
kM
l
jM
k
l + C
T
(15)BiM
i
jH(15)
jk
l M
l
k , (4)
where Bi = (B
−, B¯0, B¯0s ) is a SU(3) triplet, M
j
i is the SU(3) pseudoscalar octet, and the
matrices H represent the transformation properties of the operators O1−12. H(6) is a trace-
less tensor that is antisymmetric on its upper indices, and H(15) is also a traceless tensor
but is symmetric on its upper indices. We can easily see that the strong and dipole penguin
operators only contribute to A(3¯) and C(3¯).
For q = d, the non-zero entries of the H matrices are given by
H(3¯)2 = 1 , H(6)121 = H(6)
23
3 = 1 , H(6)
21
1 = H(6)
32
3 = −1 ,
H(15)121 = H(15)
21
1 = 3 , H(15)
22
2 = −2 , H(15)323 = H(15)233 = −1 . (5)
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For q = s, the non-zero entries are
H(3¯)3 = 1 , H(6)131 = H(6)
32
2 = 1 , H(6)
31
1 = H(6)
23
2 = −1 ,
H(15)131 = H(15)
31
1 = 3 , H(15)
33
3 = −2 , H(15)322 = H(15)232 = −1 . (6)
In terms of the SU(3) invariant amplitudes, the decay amplitudes T (pi0K¯0), T (η8K¯
0) and
T (pi0pi0) for B¯0 → pi0K¯0, η8K¯0, and pi0pi0 are given by
T (pi0K¯0) = − 1√
2
(CT(3¯) − AT(6) + CT(6) − AT(15) − 5CT(15)) ,
T (η8K¯
0) = − 1√
6
(CT(3¯) − AT(6) + CT(6) − AT(15) − 5CT(15)) ,
T (pi0pi0) =
1√
2
(2AT(3¯) + C
T
(3¯) − AT(6) + CT(6) + AT(15) − 5CT(15)). (7)
We also have similar relations for the amplitude P (q). The corresponding SU(3) invariant
amplitudes will be denoted by APi and C
P
i .
If we neglect small contribution from the annihilation terms ATi and A
P
i , we obtain in
the SU(3) limit the following relations:
√
2T (pi0K¯0) =
√
6T (η8K¯
0) = −
√
2T (pi0pi0),
√
2P (pi0K¯0) =
√
6P (η8K¯
0) = −
√
2P (pi0pi0), (8)
which imply in the SU(3) limit the relation:
√
2A¯(B¯0 → pi0K¯0) =
√
6A¯(B¯0 → η8K¯0). (9)
From relations (8), in the exact SU(3) limit the decay amplitudes for B¯0 → pi0K¯0, η8K¯0 and
pi0pi0 can be parameterized as
A¯piK ≡ < pi0K¯0|H|B¯0 >= 1√
2
(Te−iγeiδT + PeiδP ),
A¯ηK ≡ < η8K¯0|H|B¯0 >= 1√
6
(Te−iγeiδT + PeiδP ),
A¯pipi ≡ < pi0pi0|H|B¯0 >= − 1√
2
(vuTe
−iγeiδT + vtPe
iβeiδP ), (10)
where vu ≡ |Vud|/|Vus| and vt ≡ |Vtd|/|Vts|.
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Now we consider SU(3) breaking effects, assuming that the strong phases δT and δP are
unaffected by SU(3) breaking. Eqs.(10) can be rewritten as
√
2A¯piK = Te
−iγeiδT + PeiδP , (11)
√
6A¯ηK = T
′e−iγeiδT + P ′eiδP , (12)
√
2A¯pipi = −vuT ′′e−iγeiδT − vtP ′′eiβeiδP . (13)
While penguin amplitudes are allowed to have full breaking effects, we will use factorization
for tree amplitudes to estimate SU(3) breaking. For the moment we will ignore the breaking
effect due to η-η′ mixing. Using the effective Hamiltonian (1) for calculation we find
a ≡ T
′
T
=
fη8 [f
+
BK(m
2
η8
)(m2B −m2K) + f−BK(m2η8)m2η8 ]
fpi[f
+
BK(m
2
pi)(m
2
B −m2K) + f−BK(m2pi)m2pi]
= 1.34,
b ≡ T
′′
T
=
f+Bpi(m
2
pi)(m
2
B −m2pi) + f−Bpi(m2pi)m2pi
f+BK(m
2
pi)(m
2
B −m2K) + f−BK(m2pi)m2pi
= 0.89, (14)
For numerical values we have used mη8 = 613 MeV, the decay constants fpi = 133 MeV and
fη8 = 176 MeV, and the form factors f
±
Bpi and f
±
BK calculated in Refs. [18]. We see that the
SU(3) breaking for tree amplitudes is larger in the former case because of large breaking
effect for fη8/fpi.
First we will discuss a method to determine the parameters γ, δ, T , P , and P ′ in Eqs.(11)
and (12) assuming that β is known. From the Eqs.(11) and (12), the following relations can
be obtained:
X˜ ≡ |ApiK |2 + |A¯piK |2 = T 2 + P 2 − 2TP cos δ cos γ,
Y˜ ≡ |ApiK |2 − |A¯piK |2 = 2TP sin δ sin γ,
Z˜ ≡ Im
(
e2iβApiKA¯
∗
piK
)
=
[
T 2 sin 2(β + γ) + P 2 sin(2β) + 2TP cos δ sin (2β + γ)
]
/2
U˜ ≡ 3
(
|AηK |2 + |A¯ηK |2
)
= a2T 2 + P ′
2 − 2aTP ′ cos δ cos γ,
V˜ ≡ 3
(
|AηK |2 − |A¯ηK |2
)
= 2aTP ′ sin δ sin γ, (15)
where δ is defined by δ = δT − δP . Aij’s denote the CP-conjugate amplitudes of A¯ij ’s. The
quantities U˜ and V˜ can be determined by measurement of the time-integrated decay rates
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for B0 → η8K0 and B¯0 → η8K¯0, where K0(K¯0) can be observed by KS → pipi. To determine
the quantities X˜ , Y˜ , and Z˜, one can measure the time-dependent rates for initially pure B0
or B¯0 states to decay into pi0KS at time t, which are given by [7]
Γ ( B0(t)→ pi0KS)
= e−Γt
[
|ApiK |2 cos2
(
∆m
2
t
)
+ |A¯piK |2 sin2
(
∆m
2
t
)
+ Im
(
e2iβApiKA¯
∗
piK
)
sin (∆mt)
]
,
Γ ( B¯0(t)→ pi0KS)
= e−Γt
[
|ApiK |2 sin2
(
∆m
2
t
)
+ |A¯piK |2 cos2
(
∆m
2
t
)
− Im
(
e2iβApiKA¯
∗
piK
)
sin (∆mt)
]
, (16)
where −∞ ≤ t ≤ +∞. Although the branching ratio for B → piK is expected to be
small, it will be partially compensated by good detection efficiency for KS (like the case of
B → ψKS) as referred in Ref. [7]. Measurement of these time-dependent decay rates gives
sufficient information to determine |ApiK |, |A¯piK |, and Im(e2iβApiKA¯∗piK).
Now with the known five quantities X˜ , Y˜ , Z˜, U˜ , and V˜ , it is straightforward to determine
all five parameters γ, δ, T , P , and P ′ in Eqs.(15) up to discrete ambiguities, if we assume
that β is known. It is easy to show that the following relations hold:
T 2 = F˜P 2 + G˜,
P ′ =
(
V˜
aY˜
)
P,
sin δ = Y˜ /(2TP sin γ), (17)
where F˜ = (V˜ /Y˜ )(1− V˜ /(a2Y˜ ))/(a2 − V˜ /Y˜ ) and G˜ = (U˜ − V˜ X˜/Y˜ )/(a2 − V˜ /Y˜ ).
Using Eq.(13) instead of Eq.(12) and following similar procedure to the one shown above,
we can have another independent method to determine the phase γ, assuming that β is
known. In this case, since vt is largely unknown, the parameter vtP
′′ can be determined
instead of P ′′ itself. Measurement of the rates of processes B0 → pi0pi0 and B¯0 → pi0pi0 is
needed to determine the following quantities R˜ and S˜:
R˜ ≡ |Apipi|2 + |A¯pipi|2 = v2ub2T 2 + (vtP ′′)2 + 2vubT (vtP ′′) cos δ cos (β + γ),
S˜ ≡ |Apipi|2 − |A¯pipi|2 = −2vubT (vtP ′′) sin δ sin (β + γ), (18)
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Combining Eqs.(18) with the first three equations of Eqs.(15) including the quantities X˜,
Y˜ , and Z˜ known from measurement of the time-dependent B0 and B¯0 decay rates to pi0KS,
one can determine all the unknown parameters γ, δ, T , P , and vtP
′′. We remark in passing
that if we use the CKM phase α = pi − β − γ, vt can be determined by the relation:
vuvt = sin γ/ sinα. (19)
In the first method shown above, if we consider the η-η′ mixing effect, AηK ≡ A(B0 →
η8K
0) can be determined by the relation:
A(B0 → η8K0) = A(B0 → ηK0) cos θ + A(B0 → η′K0) sin θ, (20)
where θ ≈ 20o [19] is the η-η′ mixing angle. The decay amplitudes A(B0 → ηK0) and
A(B0 → η′K0) can be obtained from experiments. In principle, we need to know the
relative phase of these two amplitudes. However since sin θ is small, this phase is crucial
only if A(B0 → η′K0) is much larger than A(B0 → ηK0). As we see in Eqs.(14), the SU(3)
breaking effect for tree amplitude is also much smaller (about 11%) in the second method
using the decay B0 → pi0pi0 instead of the decay B0 → η8K0. So one would expect that
the second method is more useful. Even though we have used factorization approximation
to determine SU(3) breaking effects, these calculations should be much better for the tree
amplitudes as argued in Ref. [15]. Although the tree contributions here are color suppressed,
only the ratio of two tree amplitudes is involved. Thus, the coefficients of the operators that
are sensitive to color factor NC do not have to be known precisely for a reliable estimate of
the ratio.
In summary, we have proposed two independent methods to determine the phase γ and
the tree and penguin amplitudes of the involved neutral B decays, assuming that the phase
β is known by the future experiment, for instance, using the decay process B → ΨKS. These
methods are free from electroweak penguin contamination problem. From SU(3) breaking
consideration, the second method shown would be more useful.
This work was supported in part by the Department of Energy Grant No. DE-FG06-
85ER40224. We would like to thank Xiao-Gang He for helpful discussions.
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